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Gradient – vector representing the local slope of a scalar field.   
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Memory Lane:  Electrostatics 
Flux from Charge Sources 
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Gauss’s Theorem – explicitly putting it together 
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Goes Differential: Curl 
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Magneto-Statics 
Divergence and Circulation from Current Sources 
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Derivation specific to constant, Infinite Line-Current 

Gauss’s Theorem Stokes’ Theorem 

Note: both follow from applying Biot-Savart, which holds only for steady currents 

Now for more general (more mathematical / less intuitive) proof 
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Stoke’s Theorem – explicitly putting it together 
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Though we were thinking specifically about magnetic field while we did 
the math that got us to this relation, it’s quite general and true for any 
vector field.  So, as expressed in Ch. 1, for generic function F,  
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Derive Divergence of B 
𝛻𝑟 ∙ 𝐵 𝑟 = 𝛻𝑟 ∙ 𝜇𝑜
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Derive Ampere’s Differential form 
𝛻𝑟 × 𝐵 𝑟 = 𝛻𝑟 × 𝜇𝑜
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




 fqq ddsin

1 2

2
r

r
4

𝛻𝑟 × 𝐵 𝑟 =
𝜇𝑜

4𝜋
 − 𝐽 ∙ 𝛻𝑟

r 

r2
 𝑑𝜏′ +  𝐽 𝛻𝑟 ∙

r 

r2
 𝑑𝜏′  

 𝐽 4𝜋𝛿3 𝑟  𝑑𝜏′ 

4𝜋𝐽 𝑟  

 + 𝐽 ∙ 𝛻𝑟′
r 

r2
 𝑑𝜏′  

Looking at just one component 

𝐽 ∙ 𝛻𝑟′
𝑥−𝑥′

r3 𝑥 = 𝛻𝑟′ ∙ 𝐽 
𝑥−𝑥′

r3 −
𝑥−𝑥′

r3 𝛻𝑟′ ∙ 𝐽 𝑥  



Derive Ampere’s Differential form 
𝛻𝑟 × 𝐵 𝑟 = 𝛻𝑟 × 𝜇𝑜

4𝜋  
𝐽 ×r 
r2 𝑑𝜏′  

observation  
location 

𝐵 𝑟  

𝑟  

𝑟 ′ 

r = 𝑟 -𝑟 ′ 

source 
currents 

using 

 




dJdald
da

I
ldI






𝛻𝑟 × 𝐵 𝑟 =
𝜇𝑜

4𝜋
 𝐽 ∙ 𝛻𝑟′

r 

r2
 𝑑𝜏′  +4𝜋𝐽 𝑟  

𝛻𝑟′ ∙ 𝐽 =-
𝑑𝜌

𝑑𝑡
 

where 

= 0 

 𝛻𝑟′ ∙ 𝐽 
𝑥 − 𝑥′

r3
𝑑𝜏′ =  𝐽 

𝑥 − 𝑥′

r3
∙ 𝑑𝑎 ′ 

 

𝐽 ∙ 𝛻𝑟′
𝑥−𝑥′

r3 𝑥 = 𝛻𝑟′ ∙ 𝐽 
𝑥−𝑥′

r3 −
𝑥−𝑥′

r3 𝛻𝑟′ ∙ 𝐽 𝑥  

Ditto for other two components 

For now, with electro-magnetic statics 

Gauss’s theorem 

If area fully encloses current, then no 
current penetrates area 

= 0 

Ditto for other two components 

𝛻𝑟 × 𝐵 𝑟 =
𝜇𝑜

4𝜋
0 +4𝜋𝐽 𝑟  

𝛻𝑟 × 𝐵 𝑟 = 𝜇𝑜𝐽 𝑟  

So by Stokes’ Theorem  

 𝐵 𝑟 ∙ 𝑑𝑙 = 𝜇𝑜  𝐽 𝑟 ∙ 𝑑𝑎 ′ = 𝜇𝑜𝐼 

Limitations: holds when Biot-Savart holds - statics 



Maxwell’s laws for electro-statics 

𝛻𝑟 ∙ 𝐵 𝑟 = 0 

 𝐵 𝑟 ∙ 𝑑𝑎 = 0 

𝛻𝑟 × 𝐵 𝑟 = 𝜇𝑜𝐽 𝑟  

 𝐵 𝑟 ∙ 𝑑𝑙 = 𝜇𝑜𝐼 

𝛻𝑟 × 𝐸 𝑟 = 0 

 𝐸 𝑟 ∙ 𝑑𝑙 = 0 

𝛻𝑟 ∙ 𝐸 𝑟 = 1
𝜀0

𝜌 𝑟  

 𝐸 𝑟 ∙ 𝑑𝑎 = 1
𝜀𝑜

𝑄 

For arguably symmetric fields, 
useful for finding fields 

Gauss’s 

Ampere’s 



Wed. 
Fri. 

(C 21.6-7,.9) 1.3.4-1.3.5, 1.5.2-1.5.3, 5.3.1-.3.2 Div & Curl B 
(C 21.6-7,.9) 5.3.3-.3.4 Applications of Ampere’s Law 

  

Mon.  
Wed. 
Thurs. 
Fri. 

1.6, 5.4.1-.4.2 Magnetic Vector Potential  
5.4.3 Multipole Expansion of the Vector Potential 
 
Review 

  
 
HW8 
 


