(C 15) 2.1.4 Continuous Charge Distributions
(C21.1-.5,.8) 1.2, 2.2.1-.2.2 Gauss & Div, T2 Numerical Quadrature

(C21.1-.5,.8) 2.2.3 Using Gauss




Fields of Continuous Charge DistributicEgns )

Superposition of Fields

—

E. =E +E,+. ZE

= 1 ql A 1 qz Z 1 i A
Enet Are, 2 ’17 + Are, 2 "2 T Are, 2 "i
i=1

In the limit of differentially small charge morsels

i=1 charge



Types of charge distributions

E 224;,90&’2 — : i2dq

4re,
1=1 charge

Line charge
Linear charge densityl(r') = % = dq = A(r")dl’

N

May vary with position

Surface charge /

erace charge densitg (I') =

Volume charge

d
‘Volume charge density(r') = ™ q’ = dg = p(r)dz’
T

1 — dg=A(r)da
da




Linear Charge Density Example in

Excruciating Detail:
Field of Rod



P

e

et Electric Field at point O due to a
uniformly charged thin Rod

— . sirst, find field at O due to a morsel of the

m_:o’yA'ny> rod, AE.

(%51 ¥,:0)

1 AQ,_ 1 AQi _ 1 AQ.

3

AE AE _

4m%%2 Mmja‘ﬂ Arre, %
where
« = (observation location) —(charge location)

= (X, ¥0,.0)=(0,¥",0) = (X, (¥, — ¥).0)
= [+ (v -y ]

Thus
AE = A (Y- )0
472'50 [X 4+ yo ]3

SO,




et Electric Field at point O due to a
uniformly charged thin Rod

iNext, rephrase in terms of the position of
> the morsel, y’.

0,y',0
— Ay
F (X1 ¥0:0)
O .1 AQ ,
| A AE = e [ ]3/2 )’>
thogy -t 0 [Xo + yo
where
AQ Q Q
= AQ=—A
Ay’ L:> ? L y
SO,

Are, [Xo n yo ]3/ 2




P

P

Jlet Electric Field at point O due to a

uniformly charged thin Rod

xlext, setup sum over bits of field at O due

(039 to all morsels (all along wire).
~ <Xo,y0’0> R _ y=L/2

Ewire ~ Esegments = Z AE

y=—L/2

AE

where

AE = = , (Q/L)A)/'Z /2
472'80 [Xo _|_(y0 _y’) ]3

~ y=Lj2 1 (Q/ L)Ay’
Esegments = 2 2 /2
y L2 A7, [Xo + (YO - Y') ]3

(X, (Yo = ¥'),0!

<Xo’(yo o Y’),O>




P

Ay

P

et Electric Field at point O due to a

Q[(0, y,0) ] ]
uniformly charged thin Rod
iNext, setup sum over bits of field at O due

to all morsels (all along wire).

o <Xo,y0’0> _ ~ Y’=L/2 R
r Nwire ~ Esegments = Z AE
e y=-L1z
where

Qo) AE - L (Q/L)AY’

41, [x02 +(y, = y') ]3/2
SO

~ y=Lj2 1 (Q/ L)Ay’
Esegments = 2 2 /2
y L2 A7, [Xo + (YO - Y') ]3

(X, (Yo = ¥'),0!

<Xo’(yo o Y’),O>




et Electric Field at point O due to a
uniformly charged thin Rod

Next, setup sum over bits of field at O due
to all morsels (all along wire).

O’y’0> . . <Xo’y0’0> - E y,:leAE’
r ire ~ —segments — Z
| R y'=—L[2
where

AE = = , (Q/L)A)/'Z /2
472'80 [Xo _|_(yo _y’) ]3

~ Y=Lz q (Q/ L)Ay’
Esegments = 2 2 P2
y L2 A7E [XO + (YO - Y') ]3

<X0 ’ (yo o y’))())

(X, (Yo — ¥'),0}




et Electric Field at point O due to a
uniformly charged thin Rod

Next, setup sum over bits of field at O due
to all morsels (all along wire).

el <Xo’ - . y=L[2
(0,y,0) F ' ire ~ Esegments = Z AE
A : : '=—
Q i AT y L/2
where

AE = = , (Q/L)A)/'Z /2
472'80 [Xo _|_(yo _y’) ]3

~ Y=Lz q (Q/ L)Ay’
Esegments = 2 2 P2
y L2 A7E [XO + (YO - Y') ]3

<X0 ’ (yo o y’))())

(X, (Yo — ¥'),0}




P

P

Ay

et Electric Field at point O due to a
uniformly charged thin Rod

Next, setup sum over bits of field at O due

to all morsels (all along wire).
_ y=Lf2
ire ~ Esegments = Z AE
y'=—L/J2

where

AE = = , (Q/L)A)/'Z /2
472'80 [Xo _|_(yo _y’) ]3

1 QL
segments T 472'6'0 [on n (yo . y,)z ]3/2

<X0 ’ (yo o y’))0>

(X, (Yo — ¥'),0}




P

P

et Electric Field at point O due to a
uniformly charged thin Rod

Next, setup sum over bits of field at O due
to all morsels (all along wire).

<xo,y 14 y'=L/[2 R
| ire ~ Esegments = Z AE
AE y="Li2
: here
¥qooy e 1 LAY’ ,
AE = ) (Q/ ) ” > /2 <X0’(y0_y)’0>
Ame, [Xo +(yo —Y') ]3
SO

o1

segments ~ XO, y _y’ ,O\
- y'=—L/2 Are, [X02_|_(yo_y,)2]3/2< ( 0 ) /




P

et Electric Field at point O due to a
uniformly charged thin Rod

Take Differential Limit:

sum becomes integral

o |31 QU
ooy E = Ulm Ly, —y'),0
(§.00) Ay’—>dy—>0[yrz|;/2 471'80 [XOZ +(y0 _ y,)z ]3/2 <X° (yo y ) >

y'=L/2

= 1 (Q/L)dy' | )
- 2 Xo) yo -y ,0
Y'L/2[47Z'80 [X02 n (yo B y,)z ]3/ < ( ) >

= QL) I/ ( dy

- 472'80 y'= [X02 + (yo —

T (%(¥o - y’),0>j

—L/2



P

P

s |l
. AE Arey v e %, + (Yo -
3 -1-0’-0>- -----------------------j
y'=L[2 y'=L[2

et Electric Field at point O due to a
uniformly charged thin Rod

Focus on x and y components individually

M y'=L/2 {[ dy’ 7 ]3/2 <X0’(yo — y'),0>]

dy

= |
472'80 y' [X 2 +




P

e

et Electric Field at point O due to a
uniformly charged thin Rod

Do what you must to either do the integral, or

make it recognizable as one that's done for you.
(0,y",0) y'=L /2

— X

Ay y'=L/[2 ' ’
= AY__. <xy0>E— IdE _(Q/L) J' (yo y)dy

N2 P2
Y=L |2 4re, y'=-L/[2 [X02 + (YO -y )2]3

AE

Change of variables:
Y=(Y.=Y)=>Y=Y—Y and dy' =—dy

So,




et Electric Field at point O due to a
uniformly charged thin Rod

Do what you must to either do the integral, or
make it recognizable as one that's done for you.

0,y',0) L/2 ~ i~
= (Q/L)y o ydy
~_ <xo,y0,0> E —
| AE
| 70’ﬁ>______________J Another change of variables:
= =2
Y=Yy
So,

Q)T 1y
= 2 _P2
472'80 §=(yo —L/2)? [xo + y]3

<




P

e

et Electric Field at point O due to a
uniformly charged thin Rod

Do what you must to either do the integral, or
make it recognlzable as one that's done for you.

(Q/L) (y,+L/2) dy
E = 2 7
0 y(y,-Li2y [X +Y]3

0,0y~~~ Evaluate Integral:

y=(y,+L/2)
e QL)
87, [x +y]u

y:(yo_L/2)2

1 1
A7z, [[XOZ w(y,-Lr2fP]" [x2+(y, +Lr2r]?




P

P

et Electric Field at point O due to a
uniformly charged thin Rod

‘ Check; right answer aty, = 07?

039 E (y,-0)- L)( : - 1 j

dreg | x2+(y, —LI2F]"  [x2+(y, +L/2)F]"

o QU 1 |-
506 =0= [[X HLr2r]” [k L/Z)]V] :

right answer aty, = 0? Yes.



L2

L2

et Elect

ric Field at point O due to a
uniformly charged thin Rod

Check: right answer at y >>L?

A7,

= A(Q/ L)[ 1 1 j

[x +Y, —yOL]V [x +Y, +yOL]V

Apply binomial expansion which says
if e<<1, then(l+¢&)" =1+n¢g

1 BATS B 1 -y,L
[XOZ n yoz]uz 2(x02 + yoz) [x02 n yoz]w Z(XO2 + yoz)/




Exercise

Problem 2.5: Find the electric field a distance z above the center of a circular loop of
radius ptha'E_ carries a uniform charge of linear density A.

note: Cylindrical Symmetry
suggests Cylindrical Coordinates

Step 1: cut up charge distribution and
draw it's contribution to the field: AE

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4. Check results



)

Ele tr|c Field of a Unlformly Charged

Step 1: cut up charge distribution and
draw it’s contribution to the field: AE 7l = \/(p'cao O'Y +(p'sind') +1°

Step 2: write an expression for AE

1| = \/p'z(caoz ' + sin’ 6")+ z°
Step 3: Add up all AE’s to get the total E

AQ <
4;ng (,0'2 N 22)/2

<y

Step 4: Check results
thus

AE =

P cosl',—psind, >



)

Ele tr|c Field of a Uniformly Charged

Ring
E=>AE

-,
AE—M%( +zy (—p'casO',—p'sin0',7)
SO@ =27 Aq
= = Z L —p'eesd ,—p'sin 0, >

o' 04”80(,0 +Z )/

Step 1: cut up charge distribution and

draw it's contribution to the field: AE To make an integral, need a A®.
A 1

Step 2: write an expression for AE C,I - = d -=> AQ=—AF

Step 3: Add up all AE’s to get the total E AOp"  27p 27

thus

0= q 4

E:ZM:; 2: A0 < P cos0',—p'sind, >
=0 (p +Z )/

Step 4: Check results




)

Ele tr|c Field of a Uniformly Charged
Ring

_ 0=2rx q AH
E= 247}5 — pCosf,—psing, z,)
\p*+2z, Y .
0=2rx
_AllerD()ZstuffAH— jstuﬁd@

Step 1: cut up charge distribution and
draw it’s contribution to the field: AE

Step 2: write an expression for AE

Step 4: Check results




)

Ele tr|c Field of a Unlformly Charged

Step 1: cut up charge distribution and
draw it's contribution to the field: AE

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4: Check results



)

Ele tr|c Field of a Umformly Charged

Step 1: cut up charge distribution and o
draw it's contribution to the field: AE Limits?

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4: Check results



Exercise

Problem 2.4 Find the electric field a distance z above the
center of a square loop (side a) carrying a uniform line
charge |.




Surface Charge Density Example in

Excruciating Detail:
Field of Disc



Electric Field of a Uniformly Charged
Disk

Disk = nested rings

1 qringzo
AE, =~ —
&y (p +2, )3
where _
I (area of ring) o 2B
"9 (area of disk) R?
Step 1: cut up charge distribution and  so 5
draw it's contribution to the field: AE (Q 7Z',OA2,0 jz
Step 2: write an expression for AE AE, = 1 . 7zR2 T
Step 3: Add up all AE’s to get the total E A7 (,0 +Z )
Step 4: Check results AE. = 1 Q ZpAp

© o 2¢g, R (p2 n 22)3/2



Electric Field of a Uniformly Charged

Step 1: cut up charge distribution and
draw it's contribution to the field: AE

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4: Check results

Disk

Disk = nested rings £ = ZAEZ

disk
where
AE, =

SO

1 Q z,pAp
26'0 7ZR2 (p2 + 202)3/2

p=R

<1 Q  z,pAp
Ez = ; 280 R2 (,02 N 202)3/2
1 .Qz,F pdp
© 26 R Lo (p? 4 )




Electric Field of a Uniformly Charged
Disk

Disk = nested rings EZ —

1 Qz, ”IR pdp
2¢, R’ o (,02 +202)3/2

Change of variables
u=p?+1,°
So limits become
. =2.° u. =R*+2z°

m max

Step 1: cut up charge distribution and
draw it's contribution to the field: AE

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4: Check results



Electric Field of a Uniformly Charged
Disk

Qz, "t pd
& _2]‘;0 aR* jo(p +zp)3

Disk = nested rings

Change of variables
u=p?+1,°
So limits become
U, =2,° u. =R*+z°

min 0 max

Step 1: cut up charge distribution and Differential bit becomes

draw it’'s contribution to the field: AE

Step 2: write an expression for AE du EI tz)PdP = pdp =73
Step 3: Add up all AE's to get the total E 1 0/ PECOMES
?12,° u=R?+z,
Step 4: Check results E - 1 Qz, " j du 1 Qz,(-2
4y iR® 2, U dgg AR \UV )

u=z,



Electric Field of a Uniformly Charged
Disk

Disk = nested rings

E_1Qz0 1_

1
. 2¢, 7R" | 2, (R2 +202)V2

Units?
Logic?

Step 1: cut up charge distribution and Limits?
draw it's contribution to the field: AE

Step 2: write an expression for AE
Step 3: Add up all AE’s to get the total E

Step 4: Check results



Electric Field of a Uniformly Charged
Spherical Shell




Electric Field of a Uniformly Charged
Spherical Shell

Inside AE, - 1 Arczgl
1

where

AQ M o o0
o A= M=0%,

where

AA =% )
where
S=nAG,
SO ,
[Q (%) J
\AE\: 1 A _ 1 Qﬂ-(AQl)Z
1 Az, r12 A, 4 A




Electric Field of a Uniformly Charged
Spherical Shell

Inside E, ., =0

AE = 2 Qﬂ(AH)
4A
Ditto for AE,
AE, = -1 Qﬂ(A@)
? 4A
but
AG, = A6,
SO
A6,
AE,| = 2 Q”gA) _|AE]

Thus, the two are not just opposite direction, but also equal
magnitude, so they cancel. This is true for ALL pairs of
patches of the surface —they ALL CANCEL.



Electric Field of a Uniformly Charged
Spherical Shell

o L Rsin®

d=r—HeosB |

Step 1: cut up charge distribution and
draw it’s contribution to the field: AE

Step 2: write an expression for AE

Step 3: Add up all AE’s to get
the total E
Step 4: Check results



Electric Field of a Uniformly Charged
Spherical Shell

AE = cor a i
] > oraring
4z, [(R sin@)’ +d 2]8/
AL )
m=gp \here
AQO=0 (area of ring) o 27R?sin OAO
(area of sphere) 47R’
,- AQ = QS;” 9 o
d=r—ReosB | and
Step 1: cut up charge distribution and d=r—Rcost
draw it’s contribution to the field: AEO L 1 (I’ _Rcos 9) Qsing v
Step 2: write an expression for AE _ A s ] 5 > B/2 9
RsIN@) +(r—Rcosé
Step 3: Add up all AE’s to get ° [( ) ( ) ]3
the total E AE L (r—Rcos#) Qsing

. - 2
Step 4: Check results Arze, [Rz + 12 _2Rr COS 9]3/ 2



Electric Field of a Uniformly Charged
Spherical Shell

sphere
AL
—) where
1 r—Rcosé sing
AE = ( ) 7 Q AO
47, [R2+12—2Rrcos@] = 2
e
&1 r—Rcosd sin @
d=r—HeosB | E:Z ( ) B Q AG
6-0 478 [R2 +r*—2Rr cos 9]3 2
Step 1: cut up charge distribution and
draw it’s contribution to the field: AE
SO
Step 2: write an expression for AE .
g ’ (r —Rcos )
Step 3: Add up all AE’s to get = j 32 sin6ddéd
the total E 47750 0 [ +1% — 2Rr cos 6’]

Step 4: Check results



Electric Field of a Uniformly Charged
Spherical Shell

4ney 2 '[[R2 +r2 —2Rrcos O’
AL
—) Change of variables

u=cos@ du/d@=—sin @

sin@d@

0=0—->>u=1 O=mr—o>u=-—1
SO

d=r—HeosB | E_ 1 Q_l (F—RU)

Step 1: cut up charge distribution and 472'50 2 J. [R2 + I‘ — ZRFU]S/

draw it’s contribution to the field: AE
SO

Step 2: write an expression for AE

du

(R2 +re —2Rru)—(R2 - r2)
Step 3: Add up all AE’s to get (r—RU)= or
the total E -
Step 4: Check results Can thus simplify integrand




