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Abstract—A three-dimensional rarefied-gas flow past a spinning sphere in the transitional and near-
continuum flow regimes is studied numerically. The rarefaction and compressibility effects on the lateral
(Magnus) force and the aerodynamic torque exerted on the sphere are investigated for the first time.
The coefficients of the drag force, the Magnus force, and the aerodynamic torque are found for Mach
numbers ranging from 0.1 to 2 and Knudsen numbers ranging from 0.05 to 20. In the transitional regime,
at a certain Knudsen number depending on the Mach number the Magnus force direction changes. This
change is attributable to the increase in the role of normal stresses and the decrease in the contribution of
the shear stresses to the Magnus force with decrease in the Knudsen number. A semi-empirical formula
for the calculation of the Magnus force coefficient in the transitional flow regime is proposed.
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The rotation of a body traveling in a gas or fluid flow may significantly affect the forces and torques
exerted on the body by the medium. In particular, an axisymmetric body rotating about a symmetry axis in a
fluid flow exhibits the action of a lateral force perpendicular to the translational velocity of the body relative
to the medium. The effect of this force on the body trajectory is usually called the Magnus effect and the
force is called the Magnus force. It is necessary to take this effect into account in calculating the motion of
different spinning bodies, e.g. artillery shells, balls used in sports, and, for instance, dispersed particles in
dusty flows. The latter may acquire substantial angular velocities in collisions with other particles or solid
surfaces immersed in the flow. In general, the rotation of the body affects all its aerodynamic characteristics.

In this study, we will investigate the aerodynamic coefficients of a spinning sphere. This class of flows
is of considerable theoretical and practical importance.

An incompressible flow past a spinning sphere at small Reynolds numbers based on the translational
and angular velocities was studied in [1], where the drag and Magnus forces and the aerodynamic torque
were obtained using the matched asymptotic expansions method in the form of a two-term expansion in the
Reynolds number. The results of [1] are widely used in calculating two-phase flows with spinning particles.
These results constituted a basis for subsequent theoretical and experimental studies of the aerodynamics
of a spinning sphere. In what follows, we will call the flow regime considered in [1] “the continuum flow
regime at small Reynolds numbers”.

The experimental and theoretical data for the drag force of a non-spinning sphere have been thoroughly
tabulated and represented in the form of semi-empirical formulas [2–9]. In [1] it was shown that at small
Reynolds numbers the rotation of the sphere does not affect its drag force coefficient. In [10, 11] a similar
result was obtained for the free-molecular flow regime. The effect of rotation on the drag force coefficient
at moderate Reynolds numbers was studied in [12], where it was shown that the drag force coefficient of the
sphere depends only slightly on the rotation.

In [1], an analytical solution was found for the lateral force acting on a sphere in the continuum regime
at small Reynolds numbers. Later, in [12–17], experimental and numerical data were obtained for the lateral
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Fig. 1. Cartesian (x, y, z) and spherical r, θ , ε coordinates used for calculating the flow around a spinning sphere and its
aerodynamic coefficients: (1) sphere.

force in incompressible flows at finite Reynolds numbers. In [1] it was also shown that in the continuum
regime at small Reynolds numbers the aerodynamic torque exerted on the spinning sphere is independent
of the translational velocity of the sphere relative to the fluid. In [18] the known data for the aerodynamic
torque on a sphere rotating in a quiescent incompressible fluid at finite Reynolds numbers based on the
angular velocity were generalized and semi-empirical formulas for the torque coefficient were proposed.

In [10] an analytical solution was found for the lateral force acting on the spinning sphere in a free-
molecular flow in the case when the vectors of the translational and the angular velocities are perpendicular
to each other. In [11] the aerodynamic force and the torque were calculated for an arbitrary axisymmetric
body rotating in a free-molecular flow about a symmetry axis. In [10, 11] it was shown that in a rarefied-
gas flow in the absence of intermolecular collisions the direction of the lateral force is opposite to that in
a continuum flow at small Reynolds numbers. Later, this effect was called the “inverse Magnus effect”
[19, 20]. In the present study, we will use the term “Magnus force” in a generalized sense for the lateral
component of the aerodynamic force which appears due to the rotation of the body around the symmetry
axis, no matter what the flow regime with respect to the Knudsen number. The difference in the Magnus
force direction in free-molecular and continuum flows means that in the transitional flow regime the Magnus
force depends significantly on the Knudsen number, and, moreover, at a certain value of the Knudsen number
this force vanishes. In [21] this critical Knudsen number was found for Mach numbers ranging from 0.1 to
1.

Thus, the aerodynamic coefficients of a spinning sphere are known only for an incompressible flow and a
free-molecular flow. The effects of compressibility and rarefaction on the Magnus force and the aerodynamic
torque at finite Knudsen numbers remain almost uninvestigated. This study is aimed at calculating the
aerodynamic coefficients of a spinning sphere in the transitional and near-continuum flow regimes in which
the rarefaction and compressibility effects are predominant.

1. FORMULATION OF THE PROBLEM AND THE MATHEMATICAL MODEL

We will consider the motion of a spinning sphere of radius R in a uniform gas flow. It is assumed
that the vectors of the translational Vs and angular ωωωs velocity of the sphere and the sphere temperature
(uniform over the sphere volume) Ts are constant and the flow is steady-state. The flow model is based on
the following assumptions:

1) the gas is rarefied and monatomic, its motion can be described using the Boltzmann equation;
2) the intermolecular collisions are described by the rigid-sphere model;
3) the gas molecules interact with the body surface in accordance with the specular-diffusion reflection

model;
4) in the uniform free-stream flow, the gas molecule velocity distribution is Maxwellian with the constant

concentration n∞, macroscopic velocity V∞, and temperature T∞.
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The use of models which more accurately describe the intermolecular collisions than the rigid-sphere
model (for instance, the model based on the Lennard-Jones potential [22] or the VHS molecule model [23])
presents no fundamental difficulties. However, the results obtained in this case are less general because
they usually correspond only to a particular species of gas. Preliminary calculations showed that under the
conditions considered the details of the intermolecular-collision model only slightly affect the aerodynamic
force and the torque. Accordingly, in what follows we present the results obtained for the rigid-sphere
model only. The flow is considered in an inertial reference frame fitted to the sphere center O (Fig. 1). In
this reference frame, the sphere rotates with the angular velocity ωωωs. For calculating the flow, we introduce
a Cartesian coordinate system (x, y, z) with the basis vectors ex, ey, and ez. The x axis is directed along the
vector of the gas macroscopic velocity relative to the sphere U∞ = V∞ − Vs, and the z axis at right angles to
the plane of the vectors U∞ and ωωωs. The location of an arbitrary point P on the sphere surface is specified by
the radius-vector r = Rn, where n is the unit outward normal to the surface of the sphere. For calculating the
components of this vector, the angles Θ and ε are used, so that n = cosΘex + sinΘcos εey + sin Θsinεez.

The aerodynamic force F and torque T exerted on the sphere are found by integrating the stress vector
p(n) and the torque surface density vector Rn×p(n) over the sphere surface:

F = R2

2π∫

0

π∫

0

p(n)sinΘdΘdε , T = R3

2π∫

0

π∫

0

n×p(n)sinΘdΘdε , (1.1)

where a×b is the vector product of the vectors a and b.
Let f (r, v) be the gas molecule velocity distribution function at an arbitrary point of the flow with

the radius-vector r (here, v is the gas molecule velocity vector in the inertial reference frame considered)
scaled to the gas molecule number concentration n (n(r) =

∫
f (r, v)dv). The stress vector p(n) can be

expressed in terms of the values of f (Rn, v) at the point r = Rn on the sphere surface. For calculating
p(n) it is convenient to use a local coordinate system which in the inertial reference frame has the velocity
Vw(n) = Rωs ×n. Then, the stress vector is determined as [22]

p(n) = −m
∫

nv∗v∗ f ∗(Rn, v∗)dv∗, (1.2)

where, v∗ = v − Vw(n), f ∗(Rn, v∗) = f (Rn, v∗ + Vw(n)), m is the gas molecule mass, and ab is the
scalar product of the vectors a and b.

The function f (r, v) is a solution of the Boltzmann equation. The steady-state solution of this equation
is found by the time relaxation method as the limit as t → ∞ of the solution f (r, v, t) of the nonstationary
equation [22]

∂ f
∂ t

+ v
∂ f
∂r

= IB, (1.3)

where Ib is the Boltzmann collision integral for rigid spheres with diameter d:

IB =
d2

2

∫ 2π∫

0

π∫

0

( f ′ f ′1 − f f1)|(v1 − v)d|sinϑ dϑ dϕ dv1, (1.4)

f = f (r, v, t), f1 = f (r, v1, t), f ′ = f (r, v + w, t), f ′1 = f (r, v1 − w, t),

w = [(v1 − v)d]d, d = cosϑex + sin ϑ cosϕey + sinϑ sinϕez.

The boundary conditions for (1.3) and (1.4) contain the condition on the sphere surface, where the distri-
bution function of the molecules rebounding from the surface is found using the specular-diffusion reflection
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model [22, 23]

v ·n ≥ 0, f ∗(Rn, v∗, t) = (1 − ατ) f ∗(Rn, v∗ − 2(v∗n)n, t)

+ ατ
2
π

exp

(
−(v∗)2

C2
s

)
v∗∗

∫

n<0

|v∗∗n|
C4

s
f ∗(Rn, v∗∗, t)dv∗∗ (1.5)

(here, the relaxation temperature is taken equal to Ts) and the condition at points infinitely remote from
the sphere, where the molecule distribution function is assumed to be equal to the Maxwellian equilibrium
function:

|r| → ∞ : f (r, v, t) → f∞(v), f∞(v) =
n∞

(
√

πC∞)3
exp

(
−(v − U∞)2

C2
∞

)
. (1.6)

In (2.5) and (1.6), Cs =
√

2kBTs/m, C∞ =
√

2kBT∞/m, kB is the Boltzmann constant, and ατ is the
tangential-momentum accommodation coefficient (0 ≤ ατ ≤ 1), assumed to be constant. The value of αtau
depends on the gas species, the surface material, the roughness, the presence of impurities, and other factors.
So, in practice, this coefficient is usually unknown. The typical value of ατ is 0.9 [24]. Below, the coeffi-
cient ατ is considered as a governing parameter of the problem, and a special investigation is performed to
estimate the effect of its value on the calculation results.

For the limiting steady-state solution of problem (1.3)–(1.6), the initial condition at t = 0 is arbitrary. In
particular, as the initial condition we can use a uniform flow with the distribution function f∞(v) over the
entire flow region considered.

The solution of problem (1.3)–(1.6) in nondimensional form depends on six nondimensional similarity
parameters. We can use, for instance, the following set of similarity parameters: the velocity ratio S =
U∞/C∞ (U∞ is the absolute value of the vector U∞), the Knudsen number Kn = λ∞/R (λ∞ = 1/(

√
2πd2n∞))

is the mean free path of the molecules-rigid spheres in the gas in the equilibrium state with the distribution
function f∞(v) [23], the temperature ratio Ts/T∞, the angular velocity coefficient W = Rωs/C∞ (ωs is the
absolute value of the vector ωωωs), the rotation angle Θ equal to angle between the vectors U∞ and ωωωs, and
the accommodation coefficient ατ .

As the similarity criterion, instead of S we can use the Mach number M = U∞/
√

γkBT∞/m =
√

2/γS
(γ is the gas specific heat ratio, γ = 5/3 for a monatomic gas). In the continuum regime, the aerodynamic
coefficients are usually considered as functions of the Reynolds number Re = 2Rρ∞U∞/μ∞ (ρ∞ = mn∞
and μ∞ are the gas density and dynamic viscosity in the free stream) which can be used instead of the
Knudsen number Kn. For a gas consisting of molecules-rigid spheres with the distribution function f∞(v),
the viscosity coefficient can be determined in the first approximation using the Chapman–Enskog method
as μ∞ = (5/16)ρ∞λ∞

√
2πkBT∞/m [23]. There follows Re = (32/5)

√
γ/2π(M/Kn). Instead of W , as

the similarity parameter we can use the nondimensional angular velocity Ω = RΩs/Us = W/S [14] or the
Reynolds number based on the angular velocity Re2ρ∞ωs/μ∞ = ΩRe/2 [18].

In the next two sections, we will consider the known data on the aerodynamics of a spinning sphere
in the free-molecular (Kn � 1) and continuum (Kn 	 1) flow regimes. These will be compared with the
results of calculating the aerodynamic coefficients in the transitional (Kn = 0.1–10) and near-continuum
(Kn = 0.01–0.1) flow regimes.

2. AERODYNAMIC COEFFICIENTS OF A SPINNING SPHERE
IN THE FREE-MOLECULAR REGIME

In a free-molecular flow for λ∞/R � 1, the collision integral IB in (1.3) can be set equal to zero. Then, in
the steady-state free-molecular flow near a convex body the distribution function of the molecules colliding
with the surface is equal to the free-stream function f∞(v) [22] and the stress vector p(n) is obtained after
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substituting (1.5) and (1.6) in (1.2):

p(n) = pn(n) + pτ(n), (2.1)

pn(n) = p∞

{
(ατ − 2)

[
(1 + erf(Sn))

(
S2

n +
1
2

)
+

Sn√
π

exp(−S2
n)

]
− ατ

2
χ(Sn)

Ts

T∞

}
n, (2.2)

pτ(n) = p∞
ατ χ(Sn)√

π
[S(e − enn) − Weω ×n], (2.3)

where pn(n) and pτ(n) are the vectors of the normal and tangential stresses, e and eω are the unit vectors
directed along the vectors U∞ and ωωωs, Sn =−Sen, and p∞ = 1/2ρ∞C2

∞, χ(x) = exp(−x2) +
√

πx[1 + erf(x)],
erf(x) = 2√

π

∫x
0 exp(−y2)dy.

Using (2.1)–(2.3) for calculating F in (1.1), we obtain

F = FD + FL, (2.4)

FD =
1
2

ρ∞πR2CD|V∞ − Vs|(V∞ − Vs), FL =
1
2

ρ∞πR3CL(V∞ − Vs)×ωs, (2.5)

where FD and FL are the drag and Magnus forces and CD and CL are the drag and Magnus force coefficients
given by the formulas

CD =
exp(−S2)√

π S3
(2S2 + 1) +

erf(S)
S4

(
2S4 + 2S2 − 1

2

)
+

2ατ
√

π
3S

√
Ts

T∞
, (2.6)

CL = −4
3

ατ . (2.7)

The drag force coefficient in (2.6) is equal to the drag coefficient of a non-spinning sphere [25]. The
coefficient CL in form (2.7) was obtained in [10] for the case U∞ωωωs = 0 and in [11] for an arbitrary orientation
of U∞ and ωωωs.

The aerodynamic torque T can be similarly obtained after substituting (2.1)–(2.3) in the definition of the
torque (1.1):

T = −1
2

ρ∞πR5ω2
s (CT eeeω + CT⊥eω⊥), eω⊥ =

e − (eeω)eω
|e − (eeω)eω |

, (2.8)

where CT and CT⊥ are the coefficients of the aerodynamic-torque components directed parallel and normal
to the vector ωωωS

CT = − ατ√
πW

[I1 + I2 + (I2 − 3I1)(eeω )2], (2.9)

CT⊥ = − ατ√
πW

(I2 − 3I1)(eeω )|e − (eeω)eω |, (2.10)

I1 =
√

π
2

erf(S)
S3

(
S4 +

1
4

)
+

exp(−S2)
2S2

(
S2 − 1

2

)
,

I2 =
√

π
erf(S)

S

(
S2 +

1
2

)
+ exp(−S2).

In accordance with (2.8)–(2.10), the vector T lies in the plane of the vectors U∞ and ωωωs; however, it is
parallel to the vector ωωω only when the vectors U∞ and ωωωs are either parallel or perpendicular to each other.
Relations (2.8)–(2.10) were first obtained in [11] in another mathematical form.
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3. AERODYNAMIC COEFFICIENTS OF A ROTATING SPHERE
IN THE CONTINUUM FLOW REGIME

The known data on the aerodynamic coefficients of a spinning sphere in the continuum flow regime
relate mainly to two particular cases, when either the vectors U∞ and ωωωs are perpendicular to each other
(Θ = 90%) or the sphere rotates in a quiescent gas (U∞ = 0). Under these conditions, the aerodynamic force
can be represented in the form T = −(1/2)ρ∞πR5CT ωsωωωs.

In a uniform incompressible flow past a non-spinning sphere, the drag force coefficient depends only on
the Reynolds number. Different approximations of the dependence CD(Re) were analyzed in [9]. A fairly
simple approximation ensuring sufficient accuracy for many applications was proposed in [2]. The effects of
compressibility and rarefaction on the drag coefficient were studied experimentally in [3–6]. In [7] a system
of relations for calculating Cd in the free-molecular, transitional, and continuum flow regimes for M < 6 and
Re < 105 was proposed. This system is accepted as one of the best, although, for the transonic regime it
gives a calculation error for Cd of about 16% [8].

In [1] it was shown that in the continuum flow regime at small Reynolds numbers the rotation does not
affect the drag force coefficient. The effect of sphere rotation on the drag force coefficient in an incompress-
ible flow for 100 ≤ Re ≤ 300 was studied numerically in [12]. It was shown that Cd increases slowly with
increase in ΩΩΩ in accordance with the approximate formula

CD = CD0(1 + Ω)Re/1000. (3.1)

where CD0 is the drag force coefficient of a non-spinning sphere.
The Magnus force acting on a non-spinning sphere in the continuum regime has been studied only for

incompressible flows. For flows at small Reynolds numbers (Re	 1 and Reω 	 1) it was found theoretically
in [1] that CL = 2. From the comparison of this value with (2.7) it is clear that in a continuum flow at small
Reynolds numbers and in a free-molecular flow the Magnus force acts in opposite directions. The Magnus
force coefficient at finite Reynolds numbers was studied in [12–17]. It was found that CL decreases with
increase in Re and that, for large Reynolds numbers, the value of this coefficient depends mainly on Ω.
Thus, in [14] the following approximation was proposed:

CL =
1
Ω

[0.45 + (2Ω − 0.45)exp(−0.075Ω0.4Re0.7)]. (3.2)

This approximation is valid for 2Ω ≥ 0.45 and 10 ≤ Re ≤ 140. From (3.2) it follows that CL → 0.45/Ω
as Re → ∞. This agrees with the experimental data for large Reynolds numbers [15]. However, in [12]
on the basis of calculations it was found that CL is almost independent of Re for 0.16 ≤ Ω ≤ 0.5 and
100 ≤ Re ≤ 300, and the dependence on Ω can be approximated by the formula

CL =
0.11

Ω
(1 + Ω)3.6. (3.3)

According to the results obtained by the authors, the error of this formula amounts to 20%. Formulas
(3.2) and (3.3) predict different dependences of CL on Ω. However, the experimental values of CL obtained
by different authors also differ substantially from each other [16]. Apparently, the dependence of CL on the
similarity criteria is fairly complex, and so far no semi-empirical formulas valid for calculating CL over a
wide range of the governing parameters [16] have been proposed.

The torque coefficient of a spinning sphere in Stokes flow (Reω 	 1) was found in [26] in the form
CT = 16π/Reω . In [1], it was shown that this result is also valid in the Oseen approximation for the
translational motion of a sphere relative to the fluid. At finite Reynolds numbers Reω , the torque coefficient
appears to have been studied only for a sphere spinning in a quiescent incompressible fluid. In [18], on the
basis of an analysis of the data of different authors, several approximations for CT were proposed; these can
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be combined in the single relation:

CT =
1

Reω
×

⎧⎪⎨
⎪⎩

16π, Reω < 6.03;

37.2 + 5.32
√

Reω , 6.03 ≤ Reω ≤ 20.37;

32.1 + 6.45
√

Reω , 20.37 ≤ Reω < 40000.

(3.4)

4. NUMERICAL METHOD AND GOVERNING PARAMETERS

The flow and the aerodynamic coefficients were calculated by the method of direct statistical simulation
based on the Bird NTC scheme [23]. As is well known [27, 28], this method can be regarded as a numerical
procedure for estimating the functionals of the solutions of the Boltzmann kinetic equation (1.3), (1.4). In
the calculations, we used a rectangular calculation domain with a spinning sphere located at the center.
In calculating the subsonic flows, the boundaries of the calculation domain were located at a distance of
(20–40)R from the sphere surface.

For verifying the algorithm, we performed test calculations in which we varied all the numerical param-
eters (time step, grid cell size, etc.) These calculations, some of whose results were presented in [29], made
it possible to justify the choice of the parameters of the numerical algorithm, which is particularly important
for modeling subsonic flows. For the parameters chosen, in the framework of the model used the maximum
calculation error for the aerodynamic coefficients did not exceed 10% for Kn < 0.4, M < 0.6 and 7% for
Kn < 0.1 and M ≥ 1. In other cases, the error typically did not exceed 3–5%.

We performed a series of preliminary calculations in which we varied the temperature ratio Ts/T∞.
The calculations demonstrated that the variation of Ts/T∞ over a relatively narrow range (for instance,
0.8 < Ts/T∞ < 1.2 for M = 0.2) has only a weak impact on the aerodynamics of the sphere. At the
same time, when Ts/T∞ is varied over a broader range the velocity and temperature fields may be fairly dif-
ferent and their interrelation requires detailed analysis. The calculation of these flows may require the use of
other models which more adequately describe the physics of intermolecular collisions and the interactions
of the molecules with the body surface over a wide range of variation of the temperature, as compared with
the models used in this paper. These questions could constitute the subject of a special investigation.

For these reasons, in the calculations described below we assume that Ts/T∞ = 1, the other similarity
parameters M, Kn, W, Θ, and α being varied. We investigated flows with the Mach numbers 0.1, 0.2, 0.6,
1, 1.5, and 2. The Knudsen number was varied from 0.05 to 20 for M < 1 and from 0.025 to 20 for M ≥ 1.
The angular velocity coefficient W was varied from 0.03 to 6 for M < 1 and to 8 for M ≥ 1, the angle Θ
was varied from 0 to 180◦, and the accommodation coefficient ατ from 0 to 1. Most of the calculations in
which the dependence of the aerodynamic coefficients on the Knudsen number was studied were performed
for Θ = 90%and ατ = 1. Most of the results were obtained for W varying from 0.1 to 1. This range is
of interest, for instance, for calculating the aerodynamic coefficients of dispersed particles in supersonic
gas-particle flows.

In the calculations, we found all six of the aerodynamic coefficients of the sphere corresponding to the
projections of the aerodynamic drag force F and the torque T on the axes of the Cartesian coordinate system
in Fig. 1.

5. DRAG FORCE COEFFICIENT OF A SPHERE

The results of the calculations of CD are shown in Fig. 2 together with the experimental data [5] and
also the values of CD obtained using the formulas in [7] (denoted below by CH

D ) and [2]. Curves 1 and 2
correspond to the case of a spinning sphere. However, on curve 1 the values differ from CD for W = 0 by
not more than 4%.

As Kn → ∞, the values of CD tend to the values of the drag coefficient obtained using (2.6) (straight
lines 7). For Ts/T∞ = 1 and M = const ≤ 1, we have: CH

d →CH
D(0) ≈ 4.07/S + 0.6S as Re → 0. The limiting

values CH
D(0) are fairly close to the drag coefficient obtained using (2.6) for ατ = 0.9 and Ts/T∞ = 1. For
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148 VOLKOV

Fig. 2. Sphere drag force coefficient CD as a function of Re for M = 0.2 (a), 1 (b), and 2 (c). Curves (1–4) correspond to
the numerical results, (5) to formulas [7], (6) to [2], (7) to (2.6), (8, 9) to the experimental data [5]: (1), (2), (3), (7) ατ = 1;
(4) ατ = 0; (1) W = 0.1, Θ = 90◦; (2) W = 1, Θ = 90◦; (3) W = 0; (8) 1.003 ≤ M ≤ 1.19; (9) 1.9 ≤ M ≤ 2.2.

example, CD ≈ 22.35, CH
D(0) ≈ 22.4 for M = 0.2. However, over the range of small Reynolds numbers the

dependence of CH
D on Re is nonmonotonic (Fig. 2b) and CH

D tends to CH
D(0) comparatively slowly. Due to

this, the maximum difference between the calculated values of the drag force coefficient CH
D is observed on

the boundary between the free-molecular and transitional flow regimes for Kn ∼ 10. We can assume that
the nonmonotonicity of the function CH

D (Re) is a defect of the approximations [7]. Unfortunately, we did
not find any experimental data on the drag force coefficient of a sphere for 0.1 ≤ M ≤ 0.6 and Kn > 0.1.

In a subsonic flow (M = 0.2, Fig. 2a) the values of CD and CH
D agree well for Kn ≤ 2. In the transitional

and near-continuum flow regimes CD and CH
D differ most strongly for transonic flow past the sphere (Fig. 2b).

For M ≥ 1 about half the points from [5] lie nearer to the calculated curves CD than to CH
D . For Kn ≤ 0.6,

the value of CD differs from CH
D by not more than 10%, and the difference between CD and the points from

[5] (if one point, which “drops out” in Fig. 2c, is excluded from consideration) does not exceed 7%. The
difference between the values of CH

D and the experimental data [5] lies within the range from 4% to 16%
[8]. Hence, the difference between CD and CH

D lies within the limits of error of the formulas [7]. We also
calculated the drag coefficients of a non-spinning sphere for M = 2, 2×10−2 ≤ Kn ≤ 5×10−4 and ατ = 1.
On this range of Kn, the values of CD differ from CH

D by not more than 10%.
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Thus, the drag coefficients calculated agree satisfactorily both with the data of physical experiments and
the known semi-empirical formulas.

6. EFFECT OF THE ACCOMMODATION COEFFICIENT
ON THE AERODYNAMIC COEFFICIENTS

A comparison of 3 and 4 in Fig. 2c shows that a decrease in the accommodation coefficient ατ results
in a decrease in CD. In the transitional regime, the values of CD for ατ = 1 also turned out to be slightly
greater than CH

D and some of the points from [5]. It turned out that to achieve agreement between CD
and CH

D in the transitional flow regime, it is necessary to take the value of ατ on the range 0.7–0.9. It is
difficult, by comparing CD and CH

D , to estimate exactly a value of the accommodation coefficient which can
be recommended for subsequent calculations, because when ατ is varied from 0.8 to 1 the variation of CD
is of the same order as the difference between CH

D and the experimental values from [5].
In accordance with the formulas (2.6), (2.7), (2.9), and (2.10), in a free-molecular flow all the aerody-

namic coefficients of a spinning sphere are linear functions of the accommodation coefficient. To clarify the
form of this dependence in the transitional flow regime, we performed calculations in which the value of ατ
was varied from 0 to 1 and the other parameters corresponded to all possible combinations of the following
values: M = 0.1, 0.2, 0.6, 1, 1.5 and 2; Kn = 10, 1, and 0.2–0.1; W = 0.1 and 1; and Θ = 90◦. An analysis of
the results demonstrated that in the first approximation all the aerodynamic coefficients also depend linearly
on ατ (an example of these dependences obtained for M = 1 is given in [29]), i.e.

CD ≈CD(0) + ατ(CD(1) − CD(0)), CL ≈ ατCL(1), CT ≈ ατCT (1), (6.1)

where CD(a), CL(a), and CT (a) are the values of the corresponding aerodynamic coefficients for ατ = a. Thus,
the effect of the accommodation coefficient on all the aerodynamic coefficients of the spinning sphere in
the transitional flow regime is almost the same as in the free-molecular regime. It is sufficient to study the
coefficients of the Magnus force and the aerodynamic torque for ατ = 1 only, while their values for other
values of ατ can be estimated using (6.1).

In the transitional flow regime, the value of ατ not only affects the flow near the sphere surface but
also determines the global flow pattern. In particular, for M = 2, Kn = 0.01, and W = 0 in the case of the
specular-reflection model (ατ = 0) the length of the ring vortex region attached to the trailing surface of
the sphere in the direction of the undisturbed flow is almost half the length of this region for the diffusion
reflection model (ατ = 1) [29].

7. DEPENDENCE OF THE AERODYNAMIC COEFFICIENTS
OF THE SPHERE ON THE ROTATION ANGLE

For an arbitrary value of the angle Θ the aerodynamic force and torque can be represented in the form:

F =
1
2

ρ∞πR2U∞[U∞CDex + Rωs(Cyey + Czez)],

T = −1
2

ρ∞πR5ω2
s (CTxex + CTyey + CTzez),

where Cy and Cz are the coefficients of the lift force and the Magnus force, CTx, CTy, and CTz are the
corresponding coefficients of the aerodynamic torque.

From (2.5), (2.6), (2.9), and (2.10), it follows that in a free-molecular flow the following formulas hold
[11]: Cy = 0, Cz = CL sinΘ, CTx = 2ατ/(

√
πW )(I2 − I1)cos Θ, CTy = ατ/(

√
πW )(I2 − I1)sinθ , CTz = 0.

To clarify the dependence of the aerodynamic coefficients on Θ, we performed calculations in which the
angle Θ was varied from 0 to 180◦, while the other parameters corresponded to all possible combinations of
the values: M = 0.1, 0.2, 0.6, 1, 1.5, and 2; Kn = 10, 1, and 0.1–0.2; W = 0.1 and 1; and ατ = 1. Typical
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calculations of the coefficients CD, Cy, Cz, CTx, and CTy as functions of the angle Θ in the transitional flow
regime are presented in Fig. 3. The data for the coefficient CTz are not plotted in Fig. 3 because in all the
calculations the value of CTz turned out to be less than 0.2% of CT , i.e. less then the calculation error. In
Fig. 3a, the values of Cy are not shown because the values of Cy calculated for subsonic flows also turned
out to be less than the calculation accuracy. The curves in Fig. 3 were plotted using the formulas:

CD(Θ) = C′
D + (C′′

D − C′
D)

1 + cos(2Θ)
2

, Cy(Θ) = C′′′
y sin(2Θ), (7.1)

Cz(θ) = C′
L sinΘ, CT x(Θ) = C′′

T cosΘ, CTy = C′
T sin(Θ), (7.2)

where C′
D, C′

L, and C′
T are the calculated values of the aerodynamic coefficients for Θ = 90◦, C′′

D and C′′
T

those for θ = 0, and C′′′
y that for Θ = 45◦. As is clear from Fig. 3, the calculation results agree very well

with simple approximations (7.1) and (7.2). Accordingly, it is sufficient to study numerically only the
aerodynamic coefficients C′

D, C′
L, C′

T , C′′
D, C′′

T , and C′′′
y for the corresponding values of the angle Θ.

Thus, the functional dependence of the coefficients Cz, CT x, and CTy on Θ in the transitional regime takes
practically the same form as in the free-molecular regime. In all our calculations, the drag force coefficient
varied fairly weakly with Θ (C′′

D ≈C′
D) and the maximum value of the lifting force coefficient C′′′

L amounted
to about 10% of |CL|. Because of this, in varying the other governing parameters attention was focused on
the calculation of the aerodynamic coefficients C′

D, C′
L, and C′

T for Θ = 90◦.
For small values of the Mach number (Fig. 3a), we have C′′

T ≈C′
T and, moreover, CTx(Θ)≈CTy(90◦ − Θ)

for Θ ≤ 90◦. Hence, in subsonic flow past the sphere the value of CT⊥ is fairly small. In supersonic flow
(Fig. 3b), the value of Cd decreases slightly with increase in Θ from 0 to 90◦, and C′′

T < C′
T , so that in this

case there may be a certain difference in the directions of the vectors ωωωs and T.

8. MAGNUS FORCE COEFFICIENT

The calculated values of the Magnus force coefficient CL are presented in Fig. 4 as functions of Kn
and Re for several constant values of M and W and hence a constant nondimensional angular velocity
Ω =

√
2/γW/M. For comparison, in Fig. 4b we have also plotted the dependences CL(Re) obtained using

formula (3.2) for the continuum flow regime. With decrease in Kn, in subsonic flow the coefficient CL varies
from the value −4/3 in the free-molecular flow to positive values in the transitional and near-continuum
flow regimes. The critical values Re∗ and Kn∗ at which CL vanishes (i.e. CL(Re∗, M, W) = 0) are presented
in Fig. 5 for W = 0.1. The calculation results show that Re∗ and Kn∗ depend only slightly on W for
0.1 ≤ W ≤ 0.5. The critical Knudsen number decreases almost linearly with increase in M. For M ≥ 1.5,
in all our calculations the Magnus force coefficient remained negative. This fact agrees with the results of
calculating the lift force on a rotating circular cylinder immersed in a cross-flow of rarefied gas [30]. The
form of the curves 6 and 7 in Fig. 4 makes it possible to assume that in supersonic flows for M ≥ 1.5 and
W ≤ 1 the value of CL also remains negative for Knudsen numbers corresponding to continuum flow.

Curves 8–10 in Fig. 4b correspond to the values of CL for vanishingly small values of M and Kn. How-
ever, for any small but finite Mach number the values of CL should tend to −4/3 as Kn→∞. This means that
for M = const 	 1 the functions CL(Kn) and CL(Re) are nonmonotonic. With decrease in Kn, the value of
CL should first increase from −4/3 to the maximum value of 2 corresponding to the continuum flow regime
at small Reynolds numbers and then decrease to the limiting value corresponding to large Reynolds num-
bers. It is natural to assume that the nonmonotonic dependence of CL on Kn is also preserved for those Mach
numbers at which the compressibility is significant; however, the maximum value of CL turns out to be less
than 2. The calculation results agree with the hypothesis of nonmonotonicity of the dependence CL(Kn).
Over the range of Mach numbers considered, the Knudsen number Knmax, at which CL is maximum, is less
than 0.05. The calculated values of CL can be approximated by the formula

CL(M, W, Kn) = CLt(M, W )
1 − F(Kn)

1 − Ft
+ CL∞

F(Kn) − Ft

1 − Ft
. (8.1)
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Fig. 3. Aerodynamic coefficients of a sphere obtained from numerical calculations (I) and the formulas (7.1), (7.2) (II) as
functions of the rotation angle Θ for M = 0.2, Kn = 0.2, W = 0.1 (a) and M = 2, Kn = 0.1, W = 1 (b): (1) CD; (2) Cy ×10;
(3) Cz; (4) CT x; (5) CTy, ατ = 1.

where F(Kn) is a certain function of Kn, such that F → 1 as Kn → ∞ and F →−1 as Kn → 0, CLt(M, W )
is the dependence of CL on M and W for Knt (Knt > Knmax), CL∞ = −4/3, and Ft = F(Knt). Satisfactory
results can be obtained for Knt = 0.1, F(Kn) = erf[log(Kn/0.37)] (then Ft ≈−0.578) using as CLt(M, W )
the function

CLt(M, W) = −(0.06 + 0.14×M)× [1 − s(M)] + [(1.1 − 1.16×M)× (1 − W )]
+ (0.78 − 0.87×M)× (W − 0.1) − 0.03sin(2πM)× s(M), (8.2)

s(M) = s∗(10×M − 10.5), (8.3)

s∗(ζ ) = η(ζ )η(1 − ζ )[1 − ζ 2(3 − 2ζ )], η(ζ ) =

{
1, ζ ≥ 0;

0, ζ < 0.
(8.4)

Relations (8.1)-(8.4) approximate the data of the numerical calculations of the Magnus force coefficient
for Kn > 0.05, 0.1≤ M ≤ 2, 0.1 ≤W ≤ 1, Ts/T∞ = 1, Θ = 90◦, and ατ = 1. From (7.2) it follows that CL is
almost independent of Θ. The value of CL for other ατ can be estimated using (6.1). The values calculated
using formulas (8.1)-(8.4) are represented for comparison by curves III in Fig. 4,a. Their mean-square
deviation from the numerical calculations amounted to 3% of |CL∞|, with the maximum deviation being
equal to 7%.
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Fig. 4. Magnus force coefficient CL as a function of Kn (a) and Re (b) found from numerical calculations (I); using formula
(3.2) (II); and formulas (3.4) (III): 1–4 subsonic flow, W = 1; 5–7 supersonic flow, W = 1; 8–10 incompressible continuum
flow; (1) M = 0.1, (2) 0.2, (3) 0.6, (4), (5) 1; (6) 1.5, (7) 2, (8) Ω ≈ 1.1, (9) 0.73, (10) 0.55, Θ = 90◦, ατ = 1.

Due to the above-mentioned nonmonotonicity of the dependence CL(Kn), for constructing universal
dependences for the Magnus force coefficient valid for the free-molecular, transitional, and continuum flow
regimes, it is not sufficient to use relations (8.1)-(8.4) together with the formulas for the continuum flow
regime, for example (3.2) or (3.3). To obtain universal dependences it is necessary to have the data for the
Magnus force in compressible-gas flows at Knudsen numbers of the order of 0.01.

The change in the sign of CL and hence the direction of the Magnus force reflects the law of transfor-
mation of the stress distribution with variation of the Knudsen number. The Magnus force coefficient can
be represented in the form CL = CL(n) + CL(τ), where CL(n) and CL(τ) are the fractions of CL created by the
distributions of the normal pn and tangential pτ stresses. For Θ = 90◦ they can be determined as

CL(ξ ) =
FL(ξ )

F∗
L

, FL(ξ ) = R2

2π∫

0

π∫

0

ezpξ (n)sinθ dθ dε ,

where F∗
L = p∞πR2SW, ξ = n, τ . The stress fields pnz = ezpn and pτz = ezpτ on the surface of a spinning

sphere were analyzed in [21, 29]. In free-molecular flow, in accordance with (2.2) the quantity pnz is odd
with respect to the angle ε (pnz(θ , −ε)) = −pnz(θ , ε), and hence CL(n) = 0, CL = CL(τ) < 0. In the
transitional flow regime, the pnz field ceases to be odd with respect to ε . In the neighborhood of the point
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Fig. 5. Critical numbers Re∗ (1) and Kn∗ (2) as functions of M for W = 0.1.

8

4

Ci

(a)

100

0

(b)

12

1

2

3

0

−2

Ci

2
1

2

3

−4
10−1 W

Fig. 6. Aerodynamic coefficients of a sphere as functions of the angular velocity coefficient W for M = 0.2, Kn = 0.2 (1)
and M = 2, Kn = 0.1 (b): (1) CD; (2) CL ×10; (3) CT ×W, Θ = 90◦, ατ = 1.

θ = 90◦, ε = 90◦ the absolute value |pnz| (Fig. 1) turns out to be always smaller than the value of |pnz| at
the symmetric point θ = 90◦, ε = 270◦. As a result, in the transitional regime the contribution of the normal
stresses is always positive: CL(n) > 0. The variation of the tangential-stress field pτz in the transitional
regime is much more complex than in the free-molecular regime. With decrease in Kn, the absolute value of
pτz/p∞ generally decreases, hence the contribution of the tangential stresses CL(τ) also decreases in absolute
value. As a result, the sum CL(n) + CL(τ) changes sign at a certain Knudsen number. Some calculated values
of CL(n) and CL(τ) and also the fractions of the drag force coefficient CD(n) and CD(τ) are given in the Table
for Θ = 90◦ and ατ = 1.

Thus, the change in the sign of CL and in the Magnus force direction in the transitional flow regime is
attributable to the increase in the contribution of the normal stresses to the Magnus force with decrease in
Kn.
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Fig. 7. Aerodynamic-torque coefficient of a sphere CT as a function of Reω obtained from numerical calculations in the
transitional regime (1–7) and using formula (3.4) in the continuum flow regime (8) for subsonic (a) and supersonic (b)
flows: (1–4) W = 0.1; (5–7) W = 1; (1) M = 0.1; (2) 0.2, (3) 0.6, (4), (5) 1, (6) 1.5, (7) 2, Θ = 90◦, ατ = 1.

Table

No. W CD CD(n) CD(τ) CL CL(n) CL(τ) Ω Re Reω

M = 0.2, Kn = 0.2, 0.1 9.52 5.09 4.43 0.39 0.45 −0.06 0.55 3.23 0.89

3 9.02 3.25 5.77 0.04 0.15 −0.11 16.4 3.23 26.5

M = 2, Kn = 0.1 0.1 1.66 1.18 0.48 −0.34 0.12 −0.46 0.055 64.7 1.78

6 1.34 0.72 0.62 −0.29 0.04 −0.33 3.28 64.7 106

9. EFFECT OF THE ANGULAR VELOCITY COEFFICIENT ON THE AERODYNAMIC
COEFFICIENTS OF THE SPHERE

To clarify the dependence of the aerodynamic coefficients on W, we performed calculations in which the
value of W was varied from 0.03 to 6–8, with the other governing parameters being obtained as combinations
of the following values: M = 0.1, 0.2, 0.6, 1, 1.5, and 2; Kn = 10, 1 and 0.1–0.2; Θ = 90◦; ατ = 1. Typical
dependences of the aerodynamic coefficients on W in the transitional flow regime are presented in Fig. 6a
and 6b for sub- (M = 0.2) and supersonic (M = 2) flow past the sphere, respectively. Figure 6 shows that the
values of CD, CL, and CT ×W depend comparatively weakly on W on the range 0.1 ≤ W ≤ 1. To understand
more clearly the trend in the variation of these parameters with increase in W, we performed methodical
calculations for large values of W.

With increase in W, for sub- and supersonic flow velocities the coefficients CD and CT vary in a qualita-
tively similar manner. The torque coefficient is approximately inversely proportional to W, which is similar
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both to its behavior in the free-molecular flow (in accordance with (2.9)) and to its dependence on Reω in
the continuum regime (in accordance with (3.4)).

In contrast to (3.1), in the transitional regime the dependence of the drag force coefficient on the angular
velocity is nonmonotonic. However, the variation of CD over the range of W considered is relatively small
and does not exceed 15%. The drag coefficient decreases with increase in W up to a certain limiting value
W∗ and after that starts to increase. An analysis of the stress distributions over the sphere surface shows
that, on the whole, an increase in W results in an increase in the absolute value of the tangential stresses.
The field of the normal stresses varies in a fairly complex manner. With increase in W, the contribution of
the normal stresses (CDn) decreases (see Table). At the same time, the contribution of the tangential stresses
(CDτ) increases. For W < W∗ the value of CD(n) decreases faster than CD(τ) increases. After that, CD(n)
varies comparatively slowly, which results in an increase in the sum CD = CD(n) + CD(τ).

From the viewpoint of the qualitative effect of the angular velocity coefficient on the Magnus force
coefficient, for subsonic velocities, at M = 2 the range of variation of W can be split into two intervals. For
W < W∗∗ ∼ 0.1 the value of CL decreases comparatively rapidly with increase in W. For W > W∗∗ the value
of CL also decreases but much more slowly. Thus, when W increases from 0.1 to 0.5, the value of CL varies
by not more than 4% of |CL∞|. This dependence of the Magnus force coefficient on the angular velocity is
not consistent with either (3.2) or (3.3).

Due to the limitations of the numerical method used, we could not investigate in detail the behavior of
CL(W) as W → 0. However, the calculation results show that in a subsonic flow, as W decreases for W 	 1,
CL increases mainly due to a significant increase in the contribution of the normal stresses CL(n), whereas
the contribution of the tangential stresses CL(τ) is small and varies only slightly.

In the case of supersonic flow, the variation of CL on the range 0.03 ≤ W ≤ 1 turned out to be within the
calculation error. However, for W > 1 the Magnus force coefficient increases with W, which is the opposite
of its behavior in a subsonic flow. This is attributable to the fact that, in a supersonic flow, as W increases,
the absolute value of the contribution of the tangential stresses decreases, whereas in a subsonic flow it
increases (see Table).

Despite the different form of the dependence CL(W) for sub- and supersonic flows, in both cases the
fractions of the Magnus force FL(ξ ) due to the normal and tangential stresses vary in a qualitatively similar
manner. In the Table, the values of CL(n) and CL(τ) were obtained by dividing the forces FL(ξ ) by the scale F∗

L ,

which depends on W. The fractions of the Magnus force can be represented in the form FL(ξ ) = CL(ξ )ΩF∗∗
L ,

where the scale F∗∗
L = p∞πR2S2 no longer depends on W. With increase in W, the absolute values of CL(n)Ω

and CL(τ)Ω always increase in absolute magnitude (see Table); however, this increase proceeds at different
rates for sub- and supersonic flows, which results in a different form of the dependence CL(W).

10. TORQUE COEFFICIENT OF A SPINNING SPHERE

The calculated values of the torque coefficient CT are presented in Fig. 7 as functions of Reω =
16/(5

√
π)W/Kn constructed for constant M and W.

In the transitional regime, for Reω < 10 and W = 0.1 and for Reω < 102 and W = 1 the torque coefficient
CT depends significantly on M, except in the case M ≤ 0.2. At the same time, with increase in Reω the
calculation results for CT approach curve 8 obtained using (3.4) for the incompressible continuum flows in
the absence of translational motion of the sphere relative to the gas, and the influence of the Mach number
decreases. The nature of the curves in Fig. 7 makes it possible to assume that, at large Reω , the effect
of the Mach number on the torque coefficient CT is fairly small over the entire range of M considered.
Accordingly, for Reω > 102–103 approximation (3.4) can also be used for compressible flows, at least as a
first approximation.

Summary. A three-dimensional rarefied gas flow past a spinning sphere in the free-molecular and tran-
sitional flow regimes is studied using a direct statistical simulation method. A comparison of the calculated
aerodynamic coefficients with the known data for the free-molecular and continuum flow regimes showed
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that the compressibility and rarefaction effects make a significant impact on the Magnus force and the aero-
dynamic torque. The calculated values of the drag force coefficient for the transitional regime agree with the
data of other authors. The dependences of all the aerodynamic coefficients on the angle between the transla-
tional and angular velocity vectors can be approximated with high accuracy by very simple trigonometrical
functions. The maximum value of the aerodynamic-force component perpendicular to the drag force and the
Magnus force does not exceed 10% of the maximum value of the latter, and the aerodynamic-torque com-
ponent perpendicular to the translational and angular velocity vectors of the sphere almost vanishes. The
direction of the Magnus force in the transitional regime is determined by the balance between the normal
and tangential stresses on the sphere surface, whose contributions to the coefficient of this force are opposite
in sign. The direction of this force changes at a certain critical Knudsen number, decreasing with increase
in M. In the general case, the dependence of the Magnus force coefficient on the Reynolds number with
transition from the free-molecular to the continuum flow regime is nonmonotonic. However, for Knudsen
numbers greater than 0.05 the values of this coefficient vary monotonically and can be approximated by a
fairly simple formula. In the transitional flow regime, the torque coefficient depends significantly on the
Mach number. At the same time, with increase in the Reynolds number based on the angular velocity this
dependence becomes weaker.
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