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Discrete charge distribution 
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Flip order of summation 

For each charge… sum terms in expansion 

For each term in expansion… sum contribution of charges 
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monopole dipole 

Q: explain rate each term drops off How many terms to keep?  



Exercise: Find the first two terms in the mulitpole expansion for the 
figure shown below. 

𝑥  

𝑦  

𝑧  

3q 

-q 

a 



f

𝑟  

𝑉 𝑟 𝑚𝑜𝑛𝑜 = 
1

4𝜋𝜀𝑜

𝑄

𝑟
 𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 

1

4𝜋𝜀𝑜

𝑝 ∙ 𝑟 

𝑟2
 𝑝 =  𝑟 ′r 𝑟 ′ 𝑑𝜏′ = 𝑟 1

′𝑞1 + 𝑟 2
′𝑞2 

Q: shift origin effect 



coordinate-free representation of dipole field: Please do problem 3.36. 
 
Electric field of dipole in other coordinates: Is it possible to show how the electric field of a 
dipole would look like in Cartesian or cylindrical coordinates? 
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Continuous charge distribution 
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Monopole Dipole Quadrapole 

Analogy: 
If r(r’) where mass density, 
then 
 
 
 
Would be the center of mass 
or mass-averaged location. 
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Example: Find the first two terms in the mulitpole expansion for the 
figure shown below if                             . 

𝑥  

𝑦  

𝑧  

𝑉 𝑟 𝑚𝑜𝑛𝑜 = 
1

4𝜋𝜀𝑜

𝑄

𝑟
 𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 

1

4𝜋𝜀𝑜

𝑝 ∙ 𝑟 

𝑟2
 

L/2 

r 
 dq = l dz 

-L/2 

l 𝑟 = l𝑜 2𝑧′/𝐿 3 

𝑄 =  l 𝑟 𝑑𝑧′
𝑧′=

𝐿
2

𝑧′=−
𝐿
2

 

𝑄 =  l𝑜
2𝑧′

𝐿

3

 𝑑𝑧′
𝑧′=

𝐿
2

𝑧′=−
𝐿
2
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𝐿
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2𝑧′

𝐿

3

 𝑑
2𝑧′

𝐿

2𝑧′
𝐿 =1

2𝑧′
𝐿 =−1

 

𝑄 = l𝑜

𝐿

2
 ℶ3 𝑑ℶ

ℶ=1

ℶ=−1

 

𝑄 = l𝑜

𝐿

8
14 − −1 4 = 0 

𝑝 =  𝑟 ′l 𝑟 ′ 𝑑𝑧′
𝑧′=

𝐿
2

𝑧′=−
𝐿
2

 

𝑝 = l𝑜

𝐿2

4
 

2𝑧′

𝐿

4

𝑑
2𝑧′

𝐿
𝑧 

2𝑧′
𝐿 =1

2𝑧′
𝐿

=−1

 

𝑝 =  𝑧′𝑧 l𝑜
2𝑧′

𝐿

3

𝑑𝑧′
𝑧′=

𝐿
2

𝑧′=−
𝐿
2

 

𝑝 = l𝑜

𝐿2

20
15 − −1 5 𝑧 = l𝑜

𝐿2

10
𝑧  

𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 
1

4𝜋𝜀𝑜

l𝑜

𝐿2

10

𝑧 ∙ 𝑟 

𝑟2
 

𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 
l𝑜𝐿

2

40𝜋𝜀𝑜

cos (𝜃)

𝑟2
 



𝑉 𝑟 𝑚𝑜𝑛𝑜 = 0 

𝑟  

𝑝 =  𝑟 ′r 𝑟 ′ 𝑑𝜏′ 



Example: Find the corresponding approximate field expression. 

𝑥  
𝑦  

𝑧  

L/2 

r 


dq = l dz 

-L/2 

l 𝑟 = l𝑜 2𝑧′/𝐿 3 



Far from the sources, |r|>>|r’| , 𝑉 𝑟 ≈ 𝑉 𝑟 𝑚𝑜𝑛𝑜 + 𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 

𝑉 𝑟 ≈   0            +
l𝑜𝐿

2

40𝜋𝜀𝑜

cos (𝜃)

𝑟2
 

𝐸 𝑟 = −𝛻𝑉 𝑟  

𝐸 𝑟 = −
𝜕

𝜕𝑟
𝑉 𝑟 𝑟 −

1

𝑟

𝜕

𝜕𝜃
𝑉 𝑟 𝜃 −

1

𝑟𝑠𝑖𝑛(𝜃)

𝜕

𝜕𝜑
𝑉 𝑟 𝜑  

𝐸 𝑟 ≈ −
𝜕

𝜕𝑟

l𝑜𝐿
2

40𝜋𝜀𝑜

cos (𝜃)

𝑟2
𝑟 −

1

𝑟

𝜕

𝜕𝜃

l𝑜𝐿
2

40𝜋𝜀𝑜

cos (𝜃)

𝑟2
𝜃  

𝐸 𝑟 ≈ −
l𝑜𝐿

2

40𝜋𝜀𝑜
cos 𝜃

𝜕

𝜕𝑟

1

𝑟2
𝑟 +

1

𝑟

1

𝑟2

𝜕

𝜕𝜃
cos (𝜃) 𝜃  

𝐸 𝑟 ≈ −
l𝑜𝐿

2

40𝜋𝜀𝑜
−2cos 𝜃

1

𝑟3
𝑟 +

−1

𝑟3
sin (𝜃)𝜃  

𝐸 𝑟 ≈
l𝑜𝐿

2

40𝜋𝜀𝑜

1

𝑟3 2 cos 𝜃 𝑟 + sin (𝜃)𝜃  

𝑝 = l𝑜

𝐿2

10
𝑧  Or since                          , 

𝐸 𝑟 ≈
1

4𝜋𝜀𝑜

𝑝

𝑟3 2 cos 𝜃 𝑟 + sin (𝜃)𝜃  

𝑟  



Exercise: Find the first two terms in the multi-pole expansion for this 
surface charge distribution. 

𝑥  

𝑦  

𝑧  
s 𝑟 ′ = σ𝑜𝑐𝑜𝑠 𝜃′  

R’ 
R’d’ 

R’sin(’)df’ 
r 
’ 

f’ 

𝑟  

𝑉 𝑟 𝑚𝑜𝑛𝑜 = 
1

4𝜋𝜀𝑜

𝑄

𝑟
 𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 

1

4𝜋𝜀𝑜

𝑝 ∙ 𝑟 

𝑟2
 𝑝 =  𝑟 ′r 𝑟 ′ 𝑑𝜏′ 



Exercise: Find the first two terms in the multi-pole expansion for this 
volume charge distribution. 

𝑥  

𝑦  

𝑧  

r 𝑟 ′ = 𝜌𝑜 2 −
𝑅

𝑟′
𝑠𝑖𝑛 2𝜃′  
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𝑉 𝑟 𝑚𝑜𝑛𝑜 = 
1

4𝜋𝜀𝑜

𝑄

𝑟
 𝑉 𝑟 𝑑𝑖𝑝𝑜𝑙𝑒 = 

1

4𝜋𝜀𝑜

𝑝 ∙ 𝑟 

𝑟2
 𝑝 =  𝑟 ′r 𝑟 ′ 𝑑𝜏′ 
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