Phys 331: Finding Princpal Axes and Precession of a Top
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10.5 Finding Principal Axes:

®. While we can generally describe the angular momentum of an object about some given point
f in terms of any conveniently or not-so-conveniently chosen coordinate axes, and it looks like
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the previous section asserts that, for any rigid object and any given point, O,
there exist three perpendicular axes such that, if the object’s rotated about any
one of them, the angular momentum points in the direction of the angular
velocity. These are the object’s “principle axes” of rotation about that point.

A “principle axis” is an axis of symmetry; spinning around it means the angular momentum is:
L=lo=lo=10.

(book uses A, probably because I and 1 look a bit too much alike)

Call them the e, e,, e; directions, then if we spun the object just around the e,
axis, the angular momentum should be

About principle axis e;: L=1d =16 = |,,0,6,
(the stutter in my I subscript, 11 rather than just 1, will make sense soon)

Similarly, if we spun just around the e; axis,

]

About principle axis ex: L =10 =10 = | ,0,8,

Or, if we spun just around the e; axis,
About principle axis e;: L=1d= &= l,0,6,

More generally, then, if we used these three perpendicular axes as a new
coordinate axes, then in terms of them, the angular velocity is

&= €@, 0,,0;_
And the angular momentum is simply
L=, L0, 10,



Now, in this case, matrix math seems a bit like using a hammer to drive in a
tack, but we could express this as
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What I’ve demonstrated is that, in terms of the principle axes, e;,e,,e3, the
inertia tensor is diagonal.

We’d like to relate those principle axes back to the arbitrary x,y,z axes.

In language that may be familiar from another physics class many of you are taking, the inertia
tensor/matrix is an operator, @ is an eignvector , and I, (what the book denotes A) is an
eigenvalue . In this eigenvalue equation, the right hand side of the equation can be rewritten

using the unit matrix:

Obviously,

So, the eigenvalue equation becomes:

1 00

1=(0 1 0|
0 0 1
& =10

o =114,

(the subscript denotes that we’re considering the special case of rotating about the n™ principle
axis, and so @, = @€, and the moment of inertia is essentially the corresponding element of the

diagonalized inertia tensor ).

(-1,14, =0.
This equation has a nonzero solution if and only the characteristic equation:
detli -1, =0,
is satisfied.
The procedure goes something like this:
e First use this equation to find the eignevalues, det‘r - Inni =0

o Essentially finding the roots of a 3™-order polynomial — there will be three of

them, I]], 122, and 133.



e then find the eigenvectors using the first equation. (- Inni @, =0.

o Plug in one of the moments /,,,’s found above and this will generate three
equations which place constraints on how the x,y, and z components @, can be

related to each other. Since @, points in the direction of a principle axis, €,

we’re equivalently placing constraints on how its projection on the x, y, and z
axes are related.

o Do this for each of the three 7,,’s in turn. If this wasn’t enough to uniquely

determine €,€,,é,, in itself, the fact that € L €, L é;places yet another constraint

on them.

The directions of the eigenvectors are the directions of the principal axes. Since we only care
about the directions, we will add the condition that the eigenvectors are unit vectors. This is
easiest to explain by example.

Example: Find the principal moments and principal axes for the object shown below.

From yesterday, the inertia tensor using the axes shown is:

32 -1/2 0
I=[-12 32 0pmd.
0 0 3
The characteristic equation is:
Sma’-1, —ima’ 0
det(—lnni::det ~ima® 3ma’-1, 0 =0,
0 0 3ma’ -1

Since all non-zero terms have a factor of ma?, it’s tempting to make the math look a little
cleaner by factoring that out.




det{ -1, 1 =ma’det -1 3-
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The solutions are:
M., =123

| =ma? 2ma?,3ma’’

Find eigen axis 1: If we set I,, = ma?*, the equation for the eigenvector is:

1 1
- 3 -3 0|y
7~ 2 1 1 _
(-1.i6=ma%-1 { 0|ae,|=0
0 0 2|a,
Or
1 1
70y =30y 0

This gives two independent equations:

1 i 1 _
2 Wiy _a)l.y - 0 and 20, = 0 ’

Or

o, =0, and o, =0.

So, the angular velocity that corresponds to I,, = ma® has the form @, = c(,l,O:, so it points

in the direction
e =f(1,1,0).

The multiplying factor ensures that |e|=¢, - ¢ =1.




Find eigen axis 2: If we set 1,, = 2ma?, the equation for the eigenvector is:
11
N 2 2

(-1,i6=ma’-t -1 0 |o,|=0

This gives two independent equations:

o +ao,=0 and o, =0.

Rotating the object about the other diagonal axis, ¢, = f(l,—l,o), would ensure that.

Find eigen axis 3: If we set I,, =3ma?, the equation for the eigenvector is:
(-1,16=|-
0 O
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This gives two independent equations:
3w, + 3, = 0,
Wy, +3w,, =0,
And no constraint is placed on o, , .

The only way the first two equations can be true is if @;, = @;, =0, s0 the third angular

velocity points purely along the z-axis, that is, eigenvector is e, = (0,0,1).

This can also be found using that the principal axes are perpendicular, so e, =¢, xe,. The
principal axes are shown below.

axis 3
(out of page )

We could also arrive at the results above in a different way. Choose the three perpendicular
axes (1,2, and 3) because the object has reflection symmetry for the planes defined by each
pair of axes. For example, there is reflection symmetry for the plane defined by the 1 & 3

axes. Because of the symmetry with respect to the planes defined by the principal axes, the




off-diagonal elements of the inertia tensor are zero. All of the masses are a distance a/ \2
from the origin. The diagonal elements are the principal moments:

b= m (& + &)= m(@/V2) +m(a/2) = ma,

Jo = 2 m (@ + & )=2m(a/N2) +2m(a/~2) =2md,

by = Yom (@2 +d2)=2m(af N2 ) + 2m(a/N2) + m(a/N2) + m(a/N2) =3ma
Since d, =0 for all of the masses, it is easy to see from the definitions why 4, = 4 + A,. This

result holds for any object that lies in the 1-2 plane and is sometimes called the
Perpendicular Axis Theorem.

Exercise: (F&C Ex. 9.6) Suppose uniform square “lamina” (thin plate) of side a and mass m
is spun about a corner.

y
a
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z
Using the axes shown above, the inertia tensor is:
1
35 3 0
7_ 2l _1 1
I =ma - 3 0
o o 2

Find the principal moments and principal axes.

The principal moments are found by solving the characteristic equation:

ima’-21 -1ima’ 0
det(—/‘ti}det ~ima? ima’-1 0 |[=0
0 0 2ma® -1
37 M % 0
det(—;ti}mazdet -1 i-p. 0 |=0
0 0 51




g_nnnig_nnn} ‘_%\jg_nnn}o
g_ﬂnn:k_nnnj_ tf _:O
So,

The square brackets give:

SO:

Now to find how the angular velocities must be oriented for these to be the moments of
inertia:

- ima’-Lma? —1ima? 0 o
(-1,i6=| -ima? ima? -4 ma’ 0 o, |=0,
0 0 Zma’®-4ima® | o,
ima’? -ima’ 0 [o,,
—ima® ima’ 0 |, |=0
0 0 Ima’ | o,,

This gives two independent equations:

0,y —w,,=0 and w,,=0.

X

We can choose the eigenvector €, = % (,10:.

For |, = £ ma’, the equation for the eigenvector is:

. ima® - L ma? —1ma? 0 W5,
(-1,i6=| -ima® ima®-Zima? 0 oy, [=0,
0 0 Zma’ - ma® || w,,
-ima’> -ima® 0 [o,,
-ima® -ima®* 0 |, =0
0 0 tma’ | w,,

This gives two independent equations:




Oy, + 05, = 0 and wm,,=0.

We can choose the eigenvector €, =-1- (,—J,Oj. Since the principal axes are perpendicular,
the third one must be

&, =(0,0,0).

These are the same as in the previous example, since it has the same symmetry.

10.6 Precession of a Top for a Small Torque:

LK
We will assume the contact point of the top is fixed and we’ll take that to be the origin relative to
which we’ll measure angular momentum and torque.

Now,

In general,

However, it’s pretty easy to correctly guess the principle axes of the top: one along the shaft and
two perpendicular as shown. Resolving the Inertia tensor onto that basis set, we have just

l, 0 0
i=|0 1, O
0 0 I

Better yet, symmetry tells us that the moments for rotation about axes 1 and 2 are the same.



A top is symmetric about one axis, call it ¢,. We will choose the direction of the symmetry axis
to be out of the handle of the top (away from the contact point).

Two of the principal moments are equal, A4 = A4,, so the inertia tensor is:

4 0 0
I={0 4 0]
0 0 4

If the top is spinning about the symmetry axis, then the angular velocity is @ = we, and the
angular momentum is
L=40=Awe,

When symmetry axis is vertical, there is no net torque on the top so L is constant. If the top is
tipped by an angle 6, there is a torque on it. We can find the torque by assuming the entire
weight is applied at the center of mass (see the diagram below).

A

The torque is: €

e2
so its magnitude is I'= RMgsin6.

Take the z axis upward, so the vectors can be written as R=R e, and g=—gz. The torque on the
top leads to a change in the angular momentum:

L=T.

The angular velocity must change. If the torque is small, the other components (@, and ®,) of
the angular velocity will stay small (we will show this tomorrow). That means that we can
continue to assume that:

L = Awe,.

This gives:



where we define:

This means that e, rotates about the z axis with an angular frequency Q= MgR/ 1. Note that

A0

d . -
5(130)63): R x Mé,

%: (R &,)x (-Mgt)=+MgRZ x &,
de, _MeR ;o —axe,
dt Ao
o= MeR -
L0

the rate does not depend on how far the top is tilted (6).

Demo: Show the motion of a gyroscope. Discuss the direction of the precession, which is in the

opposite direction if the angular momentum is the opposite way. It must precess the opposite

way to have the same change in angular momentum.
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