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Using Angular Momentum 
The measure of motion about a point 

Magnitude 

 sinrp

r


p


p

r 

Direction 

Orient Right hand so fingers curl from the axis and with motion, 

then thump points in direction of angular momentum. 

rpL   rp

𝐿=𝑟 × 𝑝  

Magnitude and Direction 

𝐿= (𝑝𝑧𝑟𝑦 −𝑝𝑦 𝑟𝑧), (𝑝𝑥𝑟𝑧 −𝑝𝑧 𝑟𝑥), (𝑝𝑦𝑟𝑥 −𝑝𝑥 𝑟𝑦)  

http://www.wiley.com/college/chabay/0470503475/image_galleries/ch11/pages/MI3e_11-011.htm


1)  +x 

2)  –x 

3)  +y 

4)  –y 

5)  +z 

6)  –z 

7)  zero magnitude 

What is the direction of  

      𝑝                 𝑟  
< 0, 4, 0> x < 0, 0, 3>? 

What is the direction of  

       𝑝                𝑟  
< 0, 0, 4> x < 0, 0, 3>? 

𝐿= (𝑝𝑧𝑟𝑦 −𝑝𝑦 𝑟𝑧), (𝑝𝑥𝑟𝑧 −𝑝𝑧 𝑟𝑥), (𝑝𝑦𝑟𝑥 −𝑝𝑥 𝑟𝑦)  

http://www.wiley.com/college/chabay/0470503475/image_galleries/ch11/pages/MI3e_11-011.htm


If an object is traveling at a constant speed in a vertical circle, how does the object's 

angular momentum change as the object goes from the top of the circle to the bottom 

of the circle? 

1. 𝐿  increases 

2. 𝐿  decreases 

3. 𝐿  stays the same but the direction of 𝐿 changes 

4. The direction and magnitude of 𝐿 remain the same 

= (𝑝𝑧𝑟𝑦 −𝑝𝑦 𝑟𝑧), (𝑝𝑥𝑟𝑧 −𝑝𝑧 𝑟𝑥), (𝑝𝑦𝑟𝑥 −𝑝𝑥 𝑟𝑦)  𝐿=𝑟 × 𝑝  

 sinrprprpL  



Using Angular Momentum 
The measure of motion about a point 

Effect of a radial force  
(like gravity or electric) sun 

sunEarthr 
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sunEarthF 

  
dt
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Parallel Parallel 

= 0 

constantSEL


Orbit noncircular.py 



Kepler and Planetary Orbits:  

Sweeping our equal area in equal time:  If  Dt1= Dt2, then A1 = A2 

 

sin22
1

2 mvr
m

t
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D


Dt1 A1 

A2 

A= A=b*h= 

r 

A2= ½ 

2tvD

r 

htv 2D sin2rtvD sin2rtvD
2tvDb= 

h 
 

ri h 

2tvD 2tvD

Some mathematical manipulation… 

 

Some Geometric manipulation 

sin22
1
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tD
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m
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1 D


Since L is constant (and m is constant), A is the same for the same time interval 



Relating Energy, Radius and Angular Momentum in Circular Orbit 
rmvrpLorbit Angular Momentum:                                  (r & p perpendicular)  

Kinetic energy:  

Kinetic and Gravitational Potential Energy:  UKE 
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p
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1  Potential energy:  
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Gravitational Force and Circular motion:  
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Later in chapter will apply same 

reasoning to electric interaction 
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Multi-Particle Angular Momentum: 

Cloud of Dust about Star 

Star 

1 

2 

3 

...321   ssssc LLLL


1p


3p


2p


sr 1



sr 2



sr 3



      ...232211   prprprL ssssc



cmr 1



scmcr .


cm 

cmr 2



cmr 3



Cloud of Dust 

         ...332211   prrprrprrL scmcmscmcmscmcmsc



         ...... 332211321   prprprppprL cmcmcmscmsc



   ....3.2.1   cmcmcmtotscmsc LLLprL


crotationalscnaltranslatiocmcscmsc LLLLL ..


 



Multi-Particle Angular Momentum: 

Cloud of Dust about Star 

Star 

1 

2 

3 

...321   ssssc LLLL


1p


3p


2p


cmr 1



scmcr .


cm 

cmr 2



cmr 3



Cloud of Dust 

crotationalscnaltranslatiosc LLL ..


 

        ...332211   prprprprL cmcmcmcmscmsc



09_barbell_ang_mom.py 



Multi-Particle Angular Momentum 

...321   ssssc LLLL


crotationalscnaltranslatiosc LLL ..


 

        ...332211   prprprprL cmcmcmcmscmsc



09_barbell_ang_mom.py 

Example: the baton spins about its own center with 

𝐿𝑟𝑜𝑡 = 0,0,2 𝑘𝑔 ∙ 𝑚2/𝑠 and about the person who’s holding it 

with 𝐿𝑡𝑟𝑎𝑛𝑠 = 0,0,5 𝑘𝑔 ∙ 𝑚2/𝑠  

Its total angular momentum about the person is 𝐿𝑡𝑜𝑡 = 𝐿𝑡𝑟𝑎𝑛𝑠 + 𝐿𝑟𝑜𝑡 = 0,0,2 + 5 𝑘𝑔 ∙ 𝑚2/𝑠 

= 0,0,7 𝑘𝑔 ∙ 𝑚2/𝑠 

Example: the baton spins about its own center in the 

opposite direction, with 𝐿𝑟𝑜𝑡 = 0,0, −2 𝑘𝑔 ∙ 𝑚2/𝑠 and about 

the person who’s holding it with 𝐿𝑡𝑟𝑎𝑛𝑠 = 0,0,5 𝑘𝑔 ∙ 𝑚2/𝑠  

Its total angular momentum about the person is  

𝐿𝑡𝑜𝑡 = 𝐿𝑡𝑟𝑎𝑛𝑠 + 𝐿𝑟𝑜𝑡 = 0,0, −2 + 5 𝑘𝑔 ∙ 𝑚2/𝑠 

= 0,0,3 𝑘𝑔 ∙ 𝑚2/𝑠 



Rotational Angular Momentum 

      ...332211.   prprprL cmcmcmcmrot



Example: say we have two particles, what’s 𝐿𝑟𝑜𝑡? 

m1 = 0.2kg,  𝑟 1←𝑐𝑚 = 0,2,1 𝑚 and 𝑣 1 = 3,0,0 𝑚/𝑠 

 

 

 

 

 

m2 = 0.1kg,  𝑟 2←𝑐𝑚 = 0,−4,−2 𝑚 and 𝑣 2 = 0,4,0 𝑚/𝑠  

𝐿= (𝑝𝑧𝑟𝑦 − 𝑝𝑦𝑟𝑧), (𝑝𝑥𝑟𝑧 − 𝑝𝑧𝑟𝑥), (𝑝𝑦𝑟𝑥 − 𝑝𝑥𝑟𝑦)  

𝐿1.𝑐𝑚= (0 ∙ 𝑟𝑦 − 0 ∙ 𝑟𝑧), ( 0.2𝑘𝑔 ∙ 3𝑚/𝑠 1𝑚 − 0 ∙ 0), (0 ∙ 0 − 0.2𝑘𝑔 ∙ 3𝑚/𝑠 2𝑚)  

𝐿1.𝑐𝑚= 0, 0.6, −1.2 𝑘𝑔 ∙
𝑚2

𝑠
 

𝐿2.𝑐𝑚= (0 ∙ 𝑟𝑦 − 0.1𝑘𝑔 ∙ 4𝑚/𝑠 ∙ −2𝑚 ), (0 ∙ 𝑟𝑧 − 0 ∙ 0), (𝑝𝑦 ∙ 0 − 0 ∙ 𝑟𝑦)  

𝐿= (𝑝𝑧𝑟𝑦 − 𝑝𝑦𝑟𝑧), (𝑝𝑥𝑟𝑧 − 𝑝𝑧𝑟𝑥), (𝑝𝑦𝑟𝑥 − 𝑝𝑥𝑟𝑦)  

𝐿2.𝑐𝑚= 0.8, 0, 0 𝑘𝑔 ∙
𝑚2

𝑠
 

𝐿𝑟𝑜𝑡.𝑐𝑚 = 𝐿1.𝑐𝑚 + 𝐿2.𝑐𝑚 = 0.8, 0, 0 𝑘𝑔 ∙
𝑚2

𝑠
+ 0, 0.6, −1.2 𝑘𝑔 ∙

𝑚2

𝑠
 = 0.8, 0.6, −1.2 𝑘𝑔 ∙

𝑚2

𝑠
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2 
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Focus on Rotational Angular Momentum 
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      ...332211.   prprprL cmcmcmcmrot


cmv


 vrmL cmcm


  111

Focusing on just one particle 

  .111 prL cmcm



cmv


         ...333222111.   vmrvmrvmrL cmcmcmcmrot



           ......... 333222111321332211.   cmcmcmcmcmcmcmcmcmrot vrmvrmvrmvrmmmrmrmrmL


  cmcmcmcm vvrmL   111.1


   cmcmcmcm vrmvrm   11111



   cmcmcmcm vrmvrrm   11111



   cmcmcmcm vrmvrmrm   111111



Similarly for all other particles, so 

but  
 ...

...

321

332211






mmm

rmrmrm
rcm


 so 0 

      ...333222111.   cmcmcmcmcmcmcmrot vrmvrmvrmL


While it depends on position relative to center of mass, 

appears to depend on total (not relative) momentum 

For v<<c, show that’s not the case 

cmv 1



Star 

sr 1



scmcr .



cmv


cmv


cmv 3



cmv 2



      ...332211.   cmcmcmcmcmcmcmrot prprprL


Really only depends on 

position and momentum 

relative of center of 

mass. 



Rotational Angular Momentum 
      ...332211.   prprprL cmcmcmcmrot



For v<<c 

      ...332211.   cmcmcmcmcmcmcmrot prprprL


Example: say we have two particles 

m1 = 0.2kg,  𝑟 1←𝑐𝑚 = 0,2,1 𝑚 and 𝑣 1 = 3,0,0 𝑚/𝑠 

 

 

 

 

 

 

 

 

 

m2 = 0.1kg,  𝑟 2←𝑐𝑚 = 0,−4,−2 𝑚 and 𝑣 2 = 0,4,0 𝑚/𝑠  

𝐿= (𝑝𝑧𝑟𝑦 − 𝑝𝑦𝑟𝑧), (𝑝𝑥𝑟𝑧 − 𝑝𝑧𝑟𝑥), (𝑝𝑦𝑟𝑥 − 𝑝𝑥𝑟𝑦)  

𝐿1←𝑐𝑚= (0 ∙ 𝑟𝑦 − 0.2𝑘𝑔 ∙ −4

3

𝑚

𝑠
∙ 1𝑚), ( 0.2𝑘𝑔 ∙ 1𝑚

𝑠
1𝑚 − 0 ∙ 0), (𝑝𝑦 ∙ 0 − 0.2𝑘𝑔 ∙ 1𝑚

𝑠
2𝑚)  

𝐿1←𝑐𝑚= 0.8

3
, 0.2, −0.4 𝑘𝑔 ∙

𝑚2

𝑠
 

𝐿1←𝑐𝑚= (0 ∙ 𝑟𝑦 − 0.1𝑘𝑔 ∙ 8

3

𝑚

𝑠
∙ −2𝑚 ), (0 ∙ 𝑟𝑧 − 0 ∙ 0), (𝑝𝑦 ∙ 0 − 0.1𝑘𝑔 ∙ −2𝑚

𝑠
∙ −4𝑚 )  

𝐿1←𝑐𝑚=
1.6

3
, 0, −0.8 𝑘𝑔 ∙

𝑚2

𝑠
 

𝐿𝑟𝑜𝑡.𝑐𝑚 = 𝐿1←𝑐𝑚 + 𝐿2←𝑐𝑚 = 0.8

3
, 0.2, −0.4 +

1.6

3
, 0, −0.8 𝑘𝑔 ∙

𝑚2

𝑠
 = 0.8, 0.6, −1.2 𝑘𝑔 ∙

𝑚2

𝑠
 

...321.   cmcmcmcmrot LLLL
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/0,4,01.0/0,0,32.0




 sm /0,,2
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4

𝑣 1←𝑐𝑚 = 𝑣 1 − 𝑣 𝑐𝑚 = 1,−4
3, 0 𝑚/𝑠 

𝑣 2←𝑐𝑚 = 𝑣 2 − 𝑣 𝑐𝑚 = −2, 83, 0 𝑚/𝑠 



Rotational Angular Momentum 

      ...332211.   prprprL cmcmcmcmrot



 cmcmcm vrmL   1111



For v<<c 
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      ...332211.   cmcmcmcmcmcmcmrot prprprL


Special case: rigid body 

...321.   cmcmcmcmrot LLLL


Particle velocities must be perpendicular to their position vectors 

(otherwise they’d be moving in and out) 

cmcm vrm  111



all particles travel their circles in the same period, T 

cm
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cm r
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r
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2Moment of Inertia (again) 



cmcmrot IL .



Angular Speed Refresher 

The Earth rotates on its axis once every  

24 hours. What is its angular speed?       

Radius: 6.4e6 m    Mass: 6e24 kg 

1)  = 2  / (24*60*60) 

  

2)  = 2  * 6.4e6 / (24*60*60) 

  

3)  = (6e24) * 2  * 6.4e6 / (24*60*60) 

  

4)  = (6e25) * (6.4e6)2 * 2  / (24*60*60) 
 

T




2




Moment of Inertia Refresher 

A diatomic molecule such as molecular 

nitrogen (N2) consists of two atoms each of 

mass M, whose nuclei are a distance d 

apart. What is the moment of inertia of the 

molecule about its center of mass? 

  

d 

a) Md2 

b) 2Md2 

c) ½ Md2 

d) ¼ Md2 

e) 4 Md2 

 
particlesall

i

cmiicm rmI
.
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Example: A barbell spins around a pivot at its center at A. The barbell consists 

of two small balls, each with mass 500 grams (0.5 kg), at the ends of a very low 

mass rod of length 50 cm (0.5 m). The barbell spins clockwise with angular 

speed  = 120 radians/s. 

Rotational Angular Momentum 

Special case: rigid body 

a) What is the moment of inertia about A? 

b) What is the direction of the angular momentum? 

c) What is the translational angular momentum? 

d) What is the rotational angular momentum? 

e) What is the total angular momentum? 



Example: Next the center of the barbell (of length 50 cm, two 0.5kg masses) is 

mounted on the end of a low mass rigid rod of length b = 1 m. The apparatus is 

started in such a way that although the rod rotates clockwise with angular 

speed  = 90 radians/s, the barbell maintains its vertical orientation. 

 

Rotational Angular Momentum 

Special case: rigid body 

a) What is the moment of inertia about B? 

b) What is the direction of the angular momentum? 

c) What is the translational angular momentum? 

d) What is the rotational angular momentum? 

e) What is the total angular momentum? 



If the Masses Don’t Lie in a Plane 

cm 
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Just looking at magnitude for ball A 

If all masses, distances, and speeds are the same, 

  rmrLLLL cmDcmCcmbcmA



  

  

cmAL 


cmBL 

 sin. cmAzcmA LL  

Given the symmetry, 

 zLLLLL zcmDzcmCzcmBzcmAcmtotal
ˆ

....  


 sin rmr

zrmrL cmtotal
ˆsin4  



but sinrr 

zmrL cmtotal
ˆ4 2 





axisI

Generally, it’s the moment of inertia about the rotational axis through cm 

Demonstrating Iaxis 



Rotational Angular Momentum and 

Rotational Energy 

Recall 2

2
1 IKrot 
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Analogous to  
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Example: A barbell spins around a pivot at its center at A. The barbell consists 

of two small balls, each with mass 500 grams (0.5 kg), at the ends of a very low 

mass rod of length 50 cm (0.5 m). The barbell spins clockwise with angular 

speed  = 120 radians/s. 

Rotational Angular Momentum and Kinetic Energy 

Special case: rigid body 

a) What is the moment of inertia about A? 

b) What is the direction of the angular velocity? 

c) What is the translational angular momentum? 

d) What is the rotational angular momentum? 

e) What is the total angular momentum? 

f) What is the rotational kinetic energy? 


